The dynamical scattering theory is developed for the Laue diffraction of the Mössbauer rays and x-rays, whose angular distribution is comparable with the diffraction angular range. Both the Rayleigh and the resonant nuclear scattering are taken into account. We consider typical case when incident radiation first passes through an entrance slit and afterwards diffracts at the crystal planes within the Borrmann triangle. In calculations of the wave function for γ-photons, refracted or diffracted in such strongly absorbing crystal, we apply the saddle-point method. The distribution of their intensities over the basis of the Borrmann triangle is analyzed. In the spherical wave approximation of Kato, when aperture of the incident beam much exceeds the diffraction interval, the derived formulae well correlate with the familiar equations of the diffraction theory of X-rays.
more general saddle-point approach. Previously we did this in the spherical-wave approximation, confining ourselves with the symmetric Laue diffraction of both Mössbauer radiation [7] and neutrons [8] . Now we analyze much more general case of the Mössbauer diffraction in arbitrary Laue geometry, when the dispersion σ may be of the order of the diffraction range |∆ϑ|. In our calculations we describe photons by the vector wave function Ψ(r, t) suggested by Bialynicki-Birula [10] . It is represented by the wave packet, composed by the plane waves χ κλ (r)e −iωt , where χ κλ (r) = e λ (κ)
with the wave vector κ, helicity λ = ±1 and frequency ω = cκ. The modulus squared of Ψ(r, t) is now interpreted as a probability density of detecting the photon's mean energy at the given position r in the moment t. Application of such a wave function allows us to employ quantum scattering theory [11, 12] for analysis of the diffraction of γ-quanta.
II. SCATTERING AMPLITUDES
We introduce the right-hand coordinate frame x, y, z with the origin on the entrance surface in the middle of the collimating slit. The axis x is directed inside the crystal perpendicularly to its surface and the axis z along the slit (see Fig.1 ). One introduces also the frame x , y , z with the axis x parallel to the reflecting crystal planes and axis z coinciding with z. It is obtained from x, y, z by rotation through the angle ϕ n around the axis z. Here ϕ n < 0 for clockwise rotation and ϕ n > 0 otherwise. The angle between the photon wave vector κ and the axis x is ϕ, the incidence angle on the reflecting planes is θ, the Bragg angle θ B .
In addition, we introduce the angles ϕ 0 and ϕ 1 between the axis x and the sides of the Borrmann triangle, ϕ 0 = θ B + ϕ n > 0 and ϕ 1 = −θ B + ϕ n < 0.
Let the divergent beam of γ-quanta move in the plane x, y perpendicularly to the slit and be spread over the angle θ. Then the components of κ(θ), written in cylindrical coordinates, are
where ϕ = ϕ n + θ.
The wave function of the incident photon may be written as
where G e (ω) specifies the frequency distribution of the incident photons, the function
describes photons with fixed frequency ω and polarization e s . The polarization vectors e s (κ) are perpendicular to the wave vector κ = κ(θ) and therefore also depend on the angle θ. However, one can neglect this dependence since the dispersion σ << 1. We approximate the angular distribution by the Gaussian function, concentrated at the angle θ 0 close to the Bragg angle θ B :
where
denotes the mean-square angular distribution of the beam. Usually σ << 1, that enables us to spread the integration limits over θ from −∞ to ∞. In the spherical-wave approximation of Kato this distribution is replaced by unity.
In general case polarizations of γ-quanta are mixed during the resonant scattering by nuclei. Below we only consider scattering by unpolarized Mössbauer nuclei with unsplit sublevels, labeled by the magnetic quantum number. In this case the mixing is avoided if γ-quanta have either π-polarization e s=1 , lying in the scattering plane or σ-polarization e s=2 , being perpendicular to this plane [13] .
The frequency distribution for the phononless emission line is determined by the function
where Γ e and ω e are respectively the width and energy of the excited level of the emitting nucleus. Time dependence of the incident γ-quantum at the entrance surface (x = 0) is described by the exponential:
is the Heaviside step function. According to (8) t 0 means the moment of the photon's arrival to the crystal. The coherent scattering amplitude of γ-quanta by the jth nucleus with unsplit sublevels is given by [13] f coh (κ, e s ; κ , e s )
where c 0 is the relative concentration of the Mössbauer isotope, I e and I g are the nuclear spins in the excited and ground states, e −Wj (k) is the Lamb-Mössbauer factor, P N s is the nuclear polarization factor, Γ and Γ γ are respectively the total and radiative widths of the resonant nuclear level with the energy ω 0 . In the case of M1 transitions P N s = 1 for the π-polarization, and P N s = e · e for the σ-polarization [13] . The coherent Rayleigh scattering amplitude by the jth atom is determined by the expression
where the form-factor of the jth atom
e (r) is the density of atomic electrons, r 0 = e 2 /mc 2 denotes the classical radius of the electron, σ
e is the absorption cross section of γ-quanta by electrons of the jth atom. The coherent scattering amplitude of γ-quanta by elementary cell of the crystal
are the nuclear and Rayleigh coherent scattering amplitudes, depending on the radius vector ρ j for the equilibrium position of the jth atom in the elementary cell.
III. DYNAMICAL SCATTERING THEORY
Every plane component χ κ(θ),s (r) of the incident wave packet (4) is scattered independently, generating the wave ψ κ(θ),s (r) [11] . As a consequence, the complete wave function of the photon will be (15) with the same distributions G e (ω) and G a (θ) as the incident wave packet (3), (4) .
In the two-wave diffraction the wave ψ κ(θ) (r) inside the crystal as 0 < x < D, where D is the crystal thickness, consists of the refracted wave with the wave vector k(θ) and the diffracted one with the wave vector k 1 (θ) = k(θ) + h, where h denotes a reciprocal lattice vector. The components of the vectors k(θ) and κ(θ) along the entrance surface x = 0 coincide and therefore
where n is the unit vector along the axis x. As a consequence, the wave function Ψ ωs (r) inside the crystal transforms to
with ψ κν (θ),s (r) given by
For the two-wave case the amplitudes C and the wave vectors k are determined by equations [4] (
The scattering matrix g
µν is defined by the expression
where v 0 stands for the volume of the elementary cell. The system of two equations (20) has the following solution [4]:
with
The angle α defines deviation from the exact Bragg condition κ 1 = κ. For photons with fixed frequency [1]
It is most convenient to express ε
in terms of new deviation parameter
where the angular shift
Notice that α 0 diminishes in the case of symmetric diffraction, β = 1, if g 11 = g 00 . Making use of the above definitions we transform the parameter δ ι (η), defined by Eqs. (22), (23), to
means the Pendellösung distance in the case of weakly absorbing crystals (see, e.g., [3] ). For the Laue diffraction (β > 0) the amplitudes of the waves satisfy the following boundary conditions at x = 0:
Being expressed in terms of η, these amplitudes take the form
Combining Eqs. (25) and (27), one finds the relation between our departure parameters:
From (33) we see that |∆ϑ| implies a characteristic diffraction interval, where |η| ≤ 1, while θ B stands for the corrected Bragg angle corresponding to η = 0. The above formulas can be also rewritten as
Using the parameters introduced above one can transform the expression (18) for the wave function to
Now the angular distribution versus η is given by
where the parameter
characterizes a mismatch of the beam orientation and the Bragg resonance, and
specifies a squared width of the distribution. The intensity distribution over the basis of the Borrmann triangle is usually analyzed with the aid of the scanning slit, located on the rear surface and directed along the axis z. Let this slit cross the axis y in the point y S , while the midpoint E on the basis AB of the Borrmann triangle have the coordinate y 0 . It is convenient to introduce the reduced coordinate p of the scanning slit determined by
where 2L is the length of the line segment AB and ∆y S = y S − y 0 stands for the shift if the scanning slit with respect to the center of the Borrmann triangle basis. The analogous definition of this reduced coordinate was given by Authier [3] . The definition (40) is equivalent to
which in the case of symmetric diffraction, as β = 1, reduces to the definition of p, given in Refs. [2, 6] :
where is the angle between the reflecting planes and the direct line CS, connecting the entrance and exit slits (see Fig. 1 ). Let us expand now the exponent of the e iκ(θ)r in ∆θ:
Here
From the equalities
it follows that
and
This allows us to transform (44) as
By making use of the relation sin 2ϕ n + sin 2θ B = 2 sin ϕ 0 γ 1
one gets
With this formula and Eq. (35) we transform Eq. (43) to
Taking also into account Eq. (29), we are led to the following expression for the plane waves at the exit slit, i.e., at r ≈ {D, y S , 0}:
where we used the abbreviation Φ(p; ω) = exp i κD 4
Inserting (51) into (36) we represent the photon wave functions as
νs denotes the integral
the integration path C on the complex plane η = η r + iη i is along the line, defined by Im
We assume that the crystal thickness D >> |Λ L |/π and the dispersion
This allows us to estimate the integral (53) by the saddle-point method (for details see [9] ). The saddle points determined by the equation S ι (η) = 0 are
The amplitudes C
ν (η ι 0 ) in the saddle points take the form
In general, the angular distribution (37) in the saddle points is represented by different factors
which only coincide in the case of exact Bragg resonance. Employing standard formulas of the saddle-point method [14] , one gets the wave function of photons in any point r ≈ r S close to the scanning slit. For the refracted γ-quanta with fixed frequency ω the wave function is
and for the diffracted those
where the function ζ(p), depending on the phases φ ν =arg G ν , is given by
whereas the amplitudes A νs (p) are
Corresponding intensities of the monochromatic γ-radiation are determined by
After introduction of the Authier's [3] notation
we are led to the following intensity distribution through the basis of the Borrmann triangle (|p| < 1) for the refracted beam:
and for the diffracted beam:
and σ a (κ ν ) meaning the absorption cross sections by an elementary cell of γ-quanta, which incident slightly off Bragg position with the wave vectors ≈ κ ν . In accordance with the optical theorem [12] the absorption cross section is determined by the imaginary part of the coherent elastic scattering amplitude to zeroth angle: In the opposite case of extremely narrow angular distribution, when
the angular distribution (37) behaves like a delta function,
As a result, the integral in Eq. (52) is estimated as
At last, in the intermediate case of the saddle points are determined by the equation
which reduces to an algebraic equation of the fourth order, giving already four saddle points. It can be realized in experiments with synchrotron rays, when the angular dispersion achieves values σ ∼ 0.1|∆ϑ| [3] .
Experimentally measured intensities of the γ-beams are obtained from (62), (63) by averaging them with the weight |G e (ω)| 2 :
IV. DISCUSSION
We developed general dynamical theory for the Laue diffraction of divergent beams of γ-quanta, taking into consideration both their scattering by atomic electrons and nuclei with low-lying excited levels. We confined ourselves by analysis of the two-wave case, allowing the analytical solution. The derived equations describe the refracted and diffracted beams for arbitrary orientation of the incident beam with respect to the Bragg resonance, i.e., for arbitrary deflection angle θ B − θ 0 . Therefore they may be useful for interpretation of experiments taking the rocking curves, when the target rotates with respect to the incident beam. In the case when θ B = θ 0 and respectively φ 1 = φ 2 as well as b = 0, our equations (59)-(66) formally coincide with those given in the book [3] . However, our formulas depend on the scattering amplitudes on nuclei absent in the formalism of [3] . Moreover, they contain the realistic angular distribution of incident γ-photons. It is approximated by the Gaussian function with arbitrary width σ, which can be of the same order or even less compared to the diffraction interval |∆ϑ|. In principle, our final formulas remain the same if this Gaussian is replaced by any other function G a (θ) normalized by
Note also that according to derived formulae (65), (66) We illustrated our theory by analysis of the Mössbauer diffraction, assuming the nuclear sublevels to be unsplit, that simplifies consideration of the polarizations of γ-quanta. In particular, this is realized in the nuclei 119 Sn with M1 transitions and transition energy E 0 = 23.8 keV. The Mössbauer diffraction in tin single crystal has been observed by Voitovetskii et al. [15] , studying the suppression of inelastic channels and reactions [4] . We performed numerical calculations for the symmetric Laue diffraction in the tin crystal film (see Figs. 2-5 ), choosing the same parameters as in the experiments reported in [15] . Namely, we consider the first-order reflection by the (020) planes with the Bragg angle θ B = 5 0 6 and put the temperature T = 110 K, when the ratio of the resonant nuclear amplitude |f N res | to the Rayleigh one f R equals 3.2 and the ratio of the absorption coefficients µ N /µ e = 167 [15] . Taking into account that the Debye temperature of tin Θ D = 200 K we found the Lamb-Mössbauer factor to be e −W = 0.48 at T = 110 K, which enabled us to get the nuclear scattering amplitude. All the curves are calculated in the Kato's approximation σ >> |∆ϑ|. All the curves drawn in Figs. 2-4 are calculated for the 100% abundance by 119 Sn. The results presented in Figs. 2, 3 and 5 correspond to exact nuclear resonance, when ω 0 = ω 0 .
The calculated intensities of the diffracted beam I 1 (p) are shown in Fig. 2 as a function of the parameter p, ranging from -1 to +1 for the film thicknesses D = 2, 20 and 50 µm. The corresponding curves for the refracted beam are given in Fig. 3 . Here we observe the same behavior as in the case of x-ray diffraction. Namely, in thin weakly absorbing crystal there is a growth of the diffracted intensity to the edges of the Borrmann triangle p = ±1. With increasing film thickness, as the absorption grows, there appears a bump in the middle of the triangle (p = 0). It can be explained that in strongly absorbing crystal the energy of γ-rays flows mainly along the reflecting planes (see also [2] ). Dependence of the diffracted beam intensity on the relative velocity of the Mössbauer emitter and the target is analyzed in Fig. 4 , where the crystal thickness is taken D = 2, 3 and 5 µm. The intensity curves manifest a characteristic asymmetry, caused by interference of the waves coherently scattered by the atomic electrons and the waves scattered by the nuclei. These results well agree with the observations of Voitovetskii et al. [15] .
The diffracted wave intensity I 1 (p) versus the concentration of the Mössbauer isotope c 0 is displayed in Fig. 5 for the same tin crystal but with thickness D = 100 µm and concentrations c 0 = 0.5, 0.1 and 0. We see that with lowering c 0 there appears fringe structure of the curve I 1 (p), which becomes most clear in the case c 0 = 0, corresponding to pure Rayleigh scattering of the Mössbauer radiation. With growing c 0 the oscillations of I 1 (p) are only conserved at the edges of the Borrmann triangle. For c 0 = 1 oscillations of the curves I 1 (p) are absent.
Thus, in the Rayleigh scattering of Mössbauer radiation experiments one can observe the intensity oscillations of the diffracted waves. Numerical calculations show the introduction of the angular distribution with σ ∼ |∆ϑ| leads to significant distortion of these curves. Specifically, the diffraction curve collapses to single peak at p = 0 when the ratio σ/|∆ϑ| tends to zero.
Our theory may be useful in the structure analysis of crystals and especially in studies of crystal defects analogous to [16] . Application of the Mössbauer spectroscopy in such studies has great advantage compared to standard x-ray optics due to extremely narrow frequency distribution of Mössbauer radiation.
